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INTRODUCTION
The autonomous delay differential equation dN t N t y Ž . Ž .
commonly known as the delay logistic equation and several of its general-Ž izations have been the topic of numerous investigations for details and w x. Ž . literature see the recent monograph by Gopalsamy 16 . In 1.1 , the dependent variable N denotes the density of certain species and hence Ž . only the positive solutions of 1.1 are of interest. We consider the Ž . Ž . dynamics of two species with respective densities x t and y t governed by the uncoupled system of logistic delay differential equations ¦ dx t
Ž .
s x t r y a x t y Ž .
Ž . 
in the absence of interspecific interactions. We suppose further that when these two species are allowed to cohabit a common habitat, then each species enhances the average growth rate of the other such that the interactive dynamics is governed by the coupled autonomous delay differential system
s x t r y a x t y q a y t y Ž . Ž . Ž . Ž .
q Ž . The type of ecological interaction corresponding to 1.3 is known as facultative mutualism; that is, each species can persist in the absence of the other; however, each species enhances the average growth rate of the other. There exists an extensive literature concerned with the dynamics of Ž w x w x w x w x mutualism Goh 14 , Boucher 34 , Dean 7 , Travis and Post 27 , Wolin w x. and Lawlor 30 and other systems under the general formalism of Ž w x w x. competition and cooperation Hirsch 19, 20 , Smith 26 . w x Ž . Ž It has been shown by Goh 14 that if there is no time delay in 1.3 i.e., . s 0 and if both r and r are positive, then the existence of a locally 1 2 Ž . asymptotically stable componentwise positive steady state of 1.3 implies the global asymptotic stability of the positive steady state; that is, if r ) 0, i a ) 0, i, j s 1, 2, s 0, and a a ) a a , then i j 11 22 12 21 x t ª x*, y t ª y* as t ª ϱ,
where r a q r a 1 22
0 -x* s a a y a a 11 22 12 21 ¥ .
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Ž .
a r q a r 11 2 21 1 0 -y* s § a a y a a 11 22 12 21 We remark that, unlike the competitive and prey-predator systems, the Ž . behavior of system 1.3 when s 0 and a a y a a F 0 has been 11 22 12 21 aptly described by May as an orgy of mutual benefaction and each species can in this case undergo unbounded growth. Generally, time delays in competitive and prey-predator Lotka᎐Volterra type systems are harmless for the boundedness and persistence in the sense that, if the solutions of the non-delayed systems are uniformly bounded and persistent eventually, then the solutions of the corresponding systems with delays are also Ž uniformly bounded and persistent eventually see, for example, Wang and w x w x Ma 29 for delayed predator-prey systems and Kuang 22 for delayed . competition systems . However, for delayed mutualism systems, this is not w x true generally; we refer to Chen et al. 5 for some counterexamples. A primary purpose of this article is to study the effects of delay on the Ž . Ž . solutions of 1.3 , which include the uniform persistence, ultimate boundedness, and global attractivity.
The contents of the article are organized as follows; in Section 2, the potential destabilizing nature of delay in the intraspecific negative feedbacks is demonstrated and the harmless nature of the delay in mutualistic interspecific interactions is indicated. In Section 3, we discuss the relations Ž . between persistence and boundedness of system 1.3 and, as a corollary, Ž . Ž . equivalences between the uniform persistence and ultimate uniform boundedness are established. In Section 4, we derive sufficient conditions Ž . for the global attractivity of the positive equilibrium of 1.3 . The concluding section includes some remarks which contain some open problems.
STABILITY SWITCHING
It is known that, under the condition a a ) a a , the positive steady 11 We note that both and are real and negative. Thus, for s 0, the 1 2 Ž . roots of 2.4 are real and negative. By the continuous dependence of roots Ž . Ž . w . of 2.4 on , there exists a ) 0 such that ᑬ e -0 for g 0, .
0 0 Ž . We also note that a loss of asymptotic stability of x*, y* will arise when Ž . ᑬe s 0; we shall examine whether there exists a * ) 0 for which Ž . ᑬe * s 0. Suppose that for s * we have s iw with w real and It can be found directly from the equation
showing that a supercritical type Hopf-bifurcation takes place at s * Ž and it is known that delay induced periodic oscillations arise see Hassard w x. et al. 18 . It follows that the linear asymptotic stability of the equilibrium Ž . x*, y* is lost as the delay in response increases and when s *. We note that if there are no delays in the intraspecific self-regulating Ž . negative feedback terms in 1.3 , then the corresponding system is gov-erned by
s x t r y a x t q a y t y Ž .
Ž . Ž . Ž . This indicates the harmless nature of the delay in 2.12 . In fact, the condition a a ) a a implies that matrix A defined by 11 22 12 21 a ya 11 12 A s ya a In this article we do not study the delay induced Hopf-type bifurcation Ž . Ž . in 1.3 ; we consider the question of global attractivity of x*, y* for a Ž . small delay in 1.3 . Consequently, our analysis will thus guarantee the nonexistence of periodic oscillations when the response delay is small.
PERSISTENCE AND BOUNDEDNESS
In this section we examine the persistence and boundedness of two species engaged in a facultative mutualistic interaction modelled by the Ž . autonomous delay differential system 1. Ž . Ž .
It is known that, even without delay, a two species Lotka᎐Volterra mutualistic system in constant environments can have unbounded solutions unlike competitive and prey-predator systems. We first establish the following Ž . Ž . relationship between uniform persistence and ultimate uniform bound-Ž . edness of system 1.3 . Ž . Ž . Ž .
It is sufficient to prove 1 and 3 . Suppose 3.1 holds, then we can see that there exist M ) 0 and t ) 0 such that 
Ž .
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Ž . Ž . for some t G t q 2 . Similarly, one can show that there exists t ) 0 3 2 4 such that 
Ž . Ä Ž . Ž .4 and this contradicts 3.14 ; hence the solution x t , y t is eventually bounded above.
Ž . Now we assume that system 1.3 is uniformly persistent, that is there exist two positive numbers m and m such that for every positive solution 1 2 Ä Ž . Ž .4 Ž . x t , y t of 1.3 , there exists a t G 0 such that
Ž . Ž . 
GLOBAL ATTRACTIVITY
In Section 2, we have shown that it is possible that if is not small, then Ž . there can be a nonstationary periodic mode of persistence due to the Ž . possibility of a delay induced Hopf-type bifurcation to periodicity in 1.3 .
Ž . The other possibility is that all positive solutions of system 1.3 converge as t ª ϱ to the positive equilibrium. We have seen that when s 0, the Ž . Ž . positive steady state x*, y* of 1.3 is globally asymptotically stable. It is Ž . natural to expect that this global attractivity of x*, y* continues to hold for at least small values of delay . We examine this aspect in this section Ž . and obtain sufficient conditions for the global attractivity of x*, y* when Ž . /0. We will show that if system 1.3 is uniformly persistent and the time delay is small in comparison with the negative self-regulating feedback terms characterised by a and a , then the positive equilibrium 11 22 Ž . x*, y* is globally attractive in the sense that all other positive solutions of Ž . Ž . 1.3 approach x*, y* as t ª ϱ. One of the implications of this result is that no periodic solutions of the autonomous system can exist when the delay is small enough. 
Ž . Ž .
Similarly, define and the properties of M-matrix, we know that there exist small ⑀ ) 0 and large t ) such that such that 
REMARKS
In this paper, the persistence, boundedness, and attractivity of the positive solutions of a Lotka᎐Volterra cooperative system with single delay are discussed. We have shown that, if the non-delay system has a positive global attractor and the corresponding delayed system is uniformly persistent, then the delayed system also has the same global attractor provided the delay is small enough. Although similar results can be found for both competition and prey-predator systems with various delays, the results obtained in this paper for delay mutualism models are new. We remark that it is more realistic to assume that all the interaction terms have different delays. In this case, the same techniques on the construction of Lyapunov functionals in Section 4 can be used to study the global attractivity of mutualistic models with different delays; however, the technique Ž . used for Theorem 3.2 works only for system 1.3 with a single delay. Therefore, whether or not the results obtained in Section 2 are true for mutualism systems with different delays is unclear. Also, even for the system with same delay, to find the conditions on the uniform persistence is still a difficult problem. Furthermore, it is noticed that obtaining a priori knowledge or estimate of region of uniform persistence contributes to a better understanding of the asymptotic behaviour of population systems, especially when decisions are to be made regarding the exploitation of species and institution of management and conservation policies.
